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®= Introduction to the basic idea of FEM
m Nodal triangular element
m 2D electromagnetic analysis
- Laplace-Poisson (static field computation)
- Helmholtz equation (wave propagation and scattering)
- Eigenvalue problems (resonators, waveguides)
m Vector triangular element
- Inhomogeneous waveguide (hybrid modes analysis)
m  Nodal tetrahedral element
m 3D electromagnetic analysis
- Laplace-Poisson (static field computation)
m Vector tetrahedral element

- Helmholtz equation (3D analysis of the photonic crystal waveguides and

waveguide discontinuities, radiation losses analysis)
= Conclusions

Eidgendssizsche
Technizsche Hochschule
Ziirich




Introduction to the basic idea of FEM
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“Fancy” pictures as a final
result of field calculation

Magnetic, electric field, potential...
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Electromagnetic energy, force ...

» Temperature, pressure, velocity...
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Nodal triangular element
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2D electromagnetic analysis
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2D electromagnetic analysis
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2D electromagnetic analysis
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2D electromagnetic analysis
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2D electromagnetic analysis
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2D electromagnetic analysis
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Laplace equation - electrostatic example

0 ( an o adV) p
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Symmetry line
(Neumann B()

Metalic shield
(Dirichlet B()




2D electromagnetic analysis
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Laplace equation - electrostatic example

Triangular mesh

Ne=1399; Ndof=1492

Eidgendssizsche
Technizsche Hochschule
Ziirich

Field plot

Equipotential lines
Electric field vectors
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2D electromagnetic analysis

© ABB Corporate Research Ltd - 14

Laplace equation - electrostatic example

A\ 4

FEM produces large sparse (real) matrix

\ 4

Iterative solver is optimal (speed, memory)

CG, BiCG, GMRES

Bad conditioning

—+ Diagonal preconditioner

Incomplete LU

Bad mesh quality (aspect ratio)

High permittivity contrast

» Direct solver — LU decomposition (round off error)
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2D electromagnetic analysis
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Helmholtz equation — wave propagation example

( ! aEZj+k025rEZ =0
M, Oy

Metallic wall (PEC)

Output 2
(AB()

| I —

T

d(10E | 9
ox\ 4. dx ) dy
Input port
(AB() Air
E=1 l
<]
R
Metallic wall (PEC)

Discontinuity

Discontinuity in a parallel-plate waveguide
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2D electromagnetic analysis
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Helmholtz equation — wave propagation example

e, (ﬁ x [ iH )+ \EEZ = 2\/EE0Z <+— Low-reflecting boundary (ABC)

Input port Output 2
(ABC) (ABC)
— =

R
Metallic wall (PEC) ‘ T

Discontinuity

Perfect electric conductor (PEC) > iixE =0

Discontinuity in a parallel-plate waveguide
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2D electromagnetic analysis
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Helmholtz equation — wave propagation example

e, (fi x\J1H )+ JeE_ =2/¢E, +— Low-reflecting boundary (ABC)
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N “+ joUEE =2 jw uEE,, [«— Neumann BC —>aa—+ydi:q
n n
®(x,y)=p(x,y), (x,y)€ dQ, <« DirichletBC —»E =0
Perfect electric conductor (PEC) iixE =0
Discontinuity in a parallel-plate waveguide
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2D electromagnetic analysis
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Helmholtz equation — wave propagation example

on 0% on

E_ . :
<+ jon ueE, =2 jo ueE, |+ Neumann BC —»a—+yP=¢q

F(E)=2 I

2 2 .
(8E1] +(8Ezl +ES |dQ+ | (—KE;%zjkEngdr
5| \ ox dy (20, ) 2

d(x,y)=p(x,y), (x,y)€ dQ,<4— DirichletBC —»E =0

Discontinuity in a parallel-plate waveguide
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2D electromagnetic analysis
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Helmholtz equation — wave propagation example

I

[

Triangular mesh — Ne=2876; Ndof=1557

S) =

I(EzC - Ezl). Ezl ; dAl

(Port,)

[E. E,-dA

(Port))

2
:‘Sn‘

[E.-E_,-dA,

(Po'rtz)

S =

(Po.rtz)

Ezz 'Ezz 'dAz ,

2
= ‘Slz‘

F=0.78e9 (Hz), Fund. “even” mode

R=21.33%, T=78.67%, R+T=100%

= :.-: - s "—_"l:
™ } .
T k y
! , . =
ﬁix :’- - _ il

Field results; Ez — color fill

; H vector - arrows
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2D electromagnetic analysis
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Surface: Electric field, z component  Arraw: Magnetic field Max: 2267
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2D electromagnetic analysis

hlax: 2.092

Surface: Electric field, z component  Arrow WMagnetic field
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2D electromagnetic analysis
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Input port
(AB()

Dielectric rib

Metallic wall (PEC)

(ABC)
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2D electromagnetic analysis
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Helmholtz equation — wave propagation example

Ndof=1609
Ne=3000

Fundamental “even” mode
R=9.84%, Tu=Td=45.01%

R+Tu+Td=100%
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2D electromagnetic analysis

© ABB Corporate Research Ltd - 24

Helmholtz equation — wave propagation example

0.4

-0.5

Surface: Electric field, Z companent  Arrow: Magnetic field Max 1.37
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2D electromagnetic analysis
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2D electromagnetic analysis
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Eigenvalue problem — homogeneous waveguide

- TM - modes

e 2 e 2
Fe(Ec)=1 [ OF; | ¢ %) e |ao
20\ ox dy :

ILaNie ON| 0N ON'

K¢ = + —k*NEN°® |dQ
[K]{EZ}:() ” (}[) ox oOx dy dy A Jj

e a g e a 4
g A S e
K =A —k'B; o ox Ox dy dy o

t =i

)

N{N“dQ

|[AKE.}=k’|BRE.}«— Generalized eigenvalue problem
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2D electromagnetic analysis
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Eigenvalue problem — homogeneous waveguide

Triangular mesh

Il
-

PEC E
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. Ne=2236 Ndof=1186




2D electromagnetic analysis
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Eigenvalue problem — homogeneous waveguide

f=2.61e8 (cut-off)

=2.69e8 (cut-off)

=3.34e8 (cut-off)

=3.60e8 (cut-off)

TM modes: Ez — eigenfield pattern
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Vector triangular element
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Linear triangular edge element

We(x,y)=N{ VNS —N¢ VN¢
VW)=V (N VN5)-V- (N5 VNS )=0
VXWe(x, y)= V(N VN )=V x (N VN¢ )=
=2 VN XVN;
ON/ 1. oN; 1
é, VN =—L=——|l¢ -VN; =—=2=—
de, N de, I
é W = w = lle’ V(x,y)€ 0Q] —edgel
1 1
Nf(x,y)=0, Y(x,y)edQ! = & -W:=0
N:(x,y)=0, Y(x,y)edQ:! = &, -W.=0
Efn‘gafrﬁssf:mha “ I! l.
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Vector triangular element
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Linear triangular edge element

Dimensionless and normalized vector shape functions:

=W -1f = (N¢ VNS = NS VNS )i
Ve =Wy, 15 = (NS VNS = NS VNZ)-I

=Wy, 1 =(N; VN —N{ VN5 )15

Vector field approximation over the element:

3
E‘(x,y)=>V(x,y)-E{, Ef=E°-¢
=1




2D electromagnetic analysis
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Eigenvalue problem —inhomogeneous waveguide

—> Hybrid propagation modes (pure TE or TM do not exist)

v

Hz-Ez formulation possible but inaccurate (spurious modes)

— Full vector formulation + edge element = accurate solution

VX(LVxEj—kozgrE =0/
i,

E =0 (PEC)

ix(VxE)=0 (PMC)

(Q)

*k

F(E)=— _HLI (VxE)-(VXE) —kle E-E’

dQ

(Q)

K,

—

F(E)=— H{ E,)(V,xE | k2

1 VE+jikE)VE +jkE )*}dﬂ

EE-E +

r

—

= %

E(x,y,2) = E(x,y)-e "
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2D electromagnetic analysis
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Ndof=1299 Ne=2464
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2D electromagnetic analysis
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Eigenvalue problem — inhomogeneous waveguide

r'
L_

f=2.31e8 (cut-off)

=3.83e8 (cut-off)

f=3.10e8 (cut-off)

L

= =

=4.43e8 (cut-off)
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Hybrid TM-like modes:
Ez — eigenfield pattern




2D electromagnetic analysis
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Eigenvalue problem — inhomogeneous waveguide

Vector edge element — basic advantages compared to nodal
element:

1. Spurious solutions are removed
2. Accurate treatment of conducting edges and sharp corners

3. Accurate treatment of edges and sharp corners of
inhomogeneous dielectric

m Efn‘gafrﬁssf:mha “ I. l.
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Nodal tetrahedral element
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3D electromagnetic analysis
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Vector tetrahedral element
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Linear tetrahedral edge element

W5 (x,y,2) = N{ VN; = N; VN;

VWi (xy) =V (N7 VNS)-V- (N5 VN;)=0

VXWE(x, y)= V(N VNS )=V x (N VN¢ )=

=2 VN XVN;

. ON . ON;

é, VNS =— __L é VN, = N, 1
de, lf de, I

EI-V[Z;:%=%€, V(x,y)€ 0Q] —edgel
1 1

Nf(x,y)=0, Y(x,y)edQ! = & -W:=0

Ni(x,y)=0, Y(x,y)edQ:! = &, -W.=0
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Vector tetrahedral element
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Linear tetrahedral edge element

Dimensionless and normalized vector shape functions:

=W -1 =(N¢ VNS = NS VNS )i

Ve =Wy, 15 = (N2 VNS — NS VNS)-I

Ve =Wy -1s = (N VN? = N{ VNS

Vi =Wy, 15 = (N5 VNS - N¢ VNS)-I;

Ve =Wy, 1 =(N; VNS - N; VN5 )-I¢

Ve =W, -l =(N¢ VN; - N{ VN) I

Vector field approximation over the element:

6 —
Ee(-x,yaz):Z‘/ie(x,y’Z)OEie’ Eie:Ee.Ei
i=1
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3D electromagnetic analysis
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3D electromagnetic analysis
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Wave equation - 3D analysis of photonic crystal waveguide

O
E=11.56 o &
S
=1 O
Q
X
6\;0\"\%@%
S q?@ \
N
Radiatio
losses
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3D electromagnetic analysis
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Wave equation - 3D analysis of photonic crystal waveguide

Slice: Magnetic field, z component

Waveguide
termination

2

Perfect electric conductor : AXE=0

Waveguide
mode feeding

Absorbing boundary conditions (ABC)

0

-0.2

-0.4

-0.6

-0.8

Perfect magnetic conductor: 7ixH =0
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3D electromagnetic analysis
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Wave

equation - 3D analysis of photonic crystal coupler

| | Waveguide
Slice: Maonetic field, Z component / termination i

ff”" / 0.8
i :\H\“'
3

Perfect electric conductor: 7ixE =0

Waveguide
transition

- . ,ﬁp_sqr_bing boundary c_or_wﬂitions (ABC)

AT

Waveguide
mode feeding

= R=4%
4 T=90%

Power loss (VD)=2.9%
Power loss (HP)=1.2%

Min: -0.977

Perfect magnetic conductor: iixH =0

m Efn‘gafrﬁssf:mha “ I! l.
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3D electromagnetic analysis

Wave equation - 3D analysis of photonic crystal power divider

Slice: Magnetic field, z campanent

Perfect electric conductor:

Waveguide
discontinuity

Waveguide
mode feeding
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‘ .

Max 1.565
1.5

]
i =°ﬁ~bﬂm

Absorbing boundary conditions (ABC)

U
| !"'"'

] Y

[= ”1

R=7.1%
T=70%
Power loss (V

Power loss (HP

13.8%

P)=
)=9.2%

Perfect magnetic conductor: iixH =0
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Min: -1.567
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Conclusions
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m We have illustrated FEM application to various
electromagnetic problems

m Several different formulations of elements (nodal and
edge) has been analyzed and used in appropriate
examples

m Obviously FEM is very powerful simulation tool for
electromagnetic analysis

m Since FEM application to electromagnetic simulations
has considerable tradition, there are very many
commercial software packages based on FEM (ANSYS,
ANSOFT, INFOLYTICA, FEMLAB etc.)
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