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Outline

� Introduction to the basic idea of FEM
� Nodal triangular element
� 2D electromagnetic analysis

- Laplace-Poisson (static field computation) 
- Helmholtz equation (wave propagation and scattering)
- Eigenvalue problems (resonators, waveguides)

� Vector triangular element
- Inhomogeneous waveguide (hybrid modes analysis)

� Nodal tetrahedral element
� 3D electromagnetic analysis

- Laplace-Poisson (static field computation)
� Vector tetrahedral element

- Helmholtz equation (3D analysis of the photonic crystal waveguides and 
waveguide discontinuities, radiation losses analysis)

� Conclusions 
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Introduction to the basic idea of FEM
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Introduction to the basic idea of FEM

Model discretization

Ω∂∈=

Ω∈=

xxfB
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,0)(

,0)( [ ]{ } { }bxA =FEM scheme

PDE & 
Boundary Condition

Large sparse linear
system of equations
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Introduction to the basic idea of FEM

“Fancy” pictures as a final 
result of field calculation

Magnetic, electric field, potential…

Temperature, pressure, velocity…

Electromagnetic energy, force …
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Nodal triangular element
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2D electromagnetic analysis
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Governing PDE

Dirichlet (function) and 
Nuemann (derivation) 
boundary conditions

Boundary value problem (BVP)

Electrostatic analysis (Laplace and Poisson)

Magnetostatic analysis (Laplace and Poisson)

Low frequency eddy-currents (Diffusion)

Wave propagation and scattering (Helmholtz)
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2D electromagnetic analysis
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The variational formulation (equivalent to BVP)

Stationary condition (minimization)

Functional (integral operator) 

( ) �
�
�

�
�
�
�

�
⋅=�⋅= ��

==

N

j
jj

N

j
jj �yxNF�F�yxNy)�(x,

11

),(),( Ritz - method

Nk
�

F

k

,...,2,1,0 ==
∂
∂ Large system of equations

(stationary condition)



©
A

B
B

 C
or

po
ra

te
 R

es
ea

rc
h 

Lt
d 

 -
9

���

2D electromagnetic analysis

The finite element method

Local character of shape functions
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2D electromagnetic analysis
Concept of elemental contribution
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2D electromagnetic analysis

[ ]eK

Concept of elemental contribution (linear nodal element)

{ }eb
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2D electromagnetic analysis
Laplace equation - electrostatic example
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2D electromagnetic analysis

Triangular mesh

Ne=1399; Ndof=1492

Field plot

Equipotential lines
Electric field vectors 

Laplace equation - electrostatic example
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2D electromagnetic analysis

FEM produces large sparse (real) matrix

Iterative solver is optimal (speed, memory)

CG, BiCG, GMRES

Bad conditioning 

Diagonal preconditioner

Incomplete LU

Bad mesh quality (aspect ratio) 

High permittivity contrast

Direct solver – LU decomposition (round off error)

Laplace equation - electrostatic example
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2D electromagnetic analysis
Helmholtz equation – wave propagation example

Discontinuity in a parallel-plate waveguide
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2D electromagnetic analysis
Helmholtz equation – wave propagation example

Discontinuity in a parallel-plate waveguide

( ) zzz EEHne 02 εεµ =+×⋅
���

Low-reflecting boundary (ABC)

0=× En
��

Perfect electric conductor (PEC)
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2D electromagnetic analysis
Helmholtz equation – wave propagation example

Discontinuity in a parallel-plate waveguide

( ) zzz EEHne 02 εεµ =+×⋅
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Low-reflecting boundary (ABC)

0=× En
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Perfect electric conductor (PEC)
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0=zEDyxyxpyx Ω∂∈=Φ ),(),,(),( Dirichlet BC
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2D electromagnetic analysis

Discontinuity in a parallel-plate waveguide
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Helmholtz equation – wave propagation example
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2D electromagnetic analysis
Helmholtz equation – wave propagation example

Triangular mesh – Ne=2876; Ndof=1557

Field results; Ez – color fill ; H vector - arrows

( )
2

11

)(
111

)(
111

11 ,

1

1 SR
dAEE

dAEEE

S

Port
zz

Port
zzzC

=
⋅⋅

⋅⋅−
=

�

�
2

12

)(
222

)(
22

12 ,

2

2 ST
dAEE

dAEE

S

Port
zz

Port
zzC

=
⋅⋅

⋅⋅
=
�

�

R=21.33%, T=78.67%, R+T=100%F=0.78e9 (Hz), Fund. “even” mode
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2D electromagnetic analysis
Helmholtz equation – wave propagation example

F=0.78e9 (Hz), Fundamental “even” mode: cos(y*pi/2d)
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2D electromagnetic analysis
Helmholtz equation – wave propagation example

F=0.78e9 (Hz), Fundamental “odd” mode: sin(y*pi/d)
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2D electromagnetic analysis
Helmholtz equation – wave propagation example
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2D electromagnetic analysis
Helmholtz equation – wave propagation example

Fundamental “even” mode 
R=9.84%, Tu=Td=45.01%
R+Tu+Td=100% 
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2D electromagnetic analysis
Helmholtz equation – wave propagation example
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2D electromagnetic analysis
Eigenvalue problem – homogeneous waveguide
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2D electromagnetic analysis
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Eigenvalue problem – homogeneous waveguide
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2D electromagnetic analysis
Eigenvalue problem – homogeneous waveguide

PEC

1=rε

0=zE

Triangular mesh



©
A

B
B

 C
or

po
ra

te
 R

es
ea

rc
h 

Lt
d 

 -
28

���

2D electromagnetic analysis
Eigenvalue problem – homogeneous waveguide

TM modes: Ez – eigenfield pattern 
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Vector triangular element
Linear triangular edge element
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Vector triangular element
Linear triangular edge element
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2D electromagnetic analysis
Eigenvalue problem –inhomogeneous waveguide

Hybrid propagation modes (pure TE or TM do not exist)

Hz-Ez formulation possible but inaccurate (spurious modes)

Full vector formulation + edge element = accurate solution
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2D electromagnetic analysis
Eigenvalue problem –inhomogeneous waveguide

PEC

1=rε

0=zE

25.2=rε
Triangular mesh
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2D electromagnetic analysis
Eigenvalue problem – inhomogeneous waveguide

Hybrid TM-like modes: 
Ez – eigenfield pattern 
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2D electromagnetic analysis

Eigenvalue problem – inhomogeneous waveguide

Vector edge element – basic advantages compared to nodal 
element:

1. Spurious solutions are removed

2. Accurate treatment of conducting edges and sharp corners

3. Accurate treatment of edges and sharp corners of    
inhomogeneous dielectric
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Nodal tetrahedral element
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3D electromagnetic analysis
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Boundary value problem (BVP)
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3D electromagnetic analysis
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The variational formulation (equivalent to BVP)

Stationary condition (minimization)

Functional (integral operator) 
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Vector tetrahedral element
Linear tetrahedral edge element
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Vector tetrahedral element
Linear tetrahedral edge element

( ) eeeeeeee lNNNNlWV 112211121 ⋅∇−∇=⋅=
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Dimensionless and normalized vector shape functions:

( ) eeeeeeee lNNNNlWV 223322232 ⋅∇−∇=⋅=
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Vector field approximation over the element:

( ) eeeeeeee lNNNNlWV 434434344 ⋅∇−∇=⋅=
��

( ) eeeeeeee lNNNNlWV 524425245 ⋅∇−∇=⋅=
��

( ) eeeeeeee lNNNNlWV 641146416 ⋅∇−∇=⋅=
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3D electromagnetic analysis
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Wave equation - 3D analysis of photonic crystal waveguide 
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Governing PDE 

Boundary conditions 

Functional 



©
A

B
B

 C
or

po
ra

te
 R

es
ea

rc
h 

Lt
d 

 -
41

���

3D electromagnetic analysis
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Wave equation - 3D analysis of photonic crystal waveguide 
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3D electromagnetic analysis
Wave equation - 3D analysis of photonic crystal waveguide 

: 0n E× =
��

Perfect electric conductor

Absorbing boundary conditions (ABC)

: 0n H× =
��

Perfect magnetic conductor

Waveguide
mode feeding

Waveguide
termination
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3D electromagnetic analysis
Wave equation - 3D analysis of photonic crystal coupler 

Absorbing boundary conditions (ABC)

Waveguide
termination

: 0n H× =
��

Perfect magnetic conductor

: 0n E× =
��

Perfect electric conductor

Waveguide
transition

Waveguide
mode feeding

R=4%

T=90%

Power loss (VD)=2.9%

Power loss (HP)=1.2%
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3D electromagnetic analysis
Wave equation - 3D analysis of photonic crystal power divider

Absorbing boundary conditions (ABC)

Waveguide
termination

: 0n H× =
��

Perfect magnetic conductor

: 0n E× =
��

Perfect electric conductor

Waveguide
discontinuity

Waveguide
mode feeding

R=7.1%

T=70%

Power loss (VP)=13.8%

Power loss (HP)=9.2%



©
A

B
B

 C
or

po
ra

te
 R

es
ea

rc
h 

Lt
d 

 -
45

���

Conclusions

� We have illustrated FEM application to various 
electromagnetic problems 

� Several different formulations of elements (nodal and 
edge) has been analyzed and used in appropriate 
examples

� Obviously FEM is very powerful simulation tool for 
electromagnetic analysis

� Since FEM application to electromagnetic simulations 
has considerable tradition, there are very many 
commercial software packages based on FEM (ANSYS, 
ANSOFT, INFOLYTICA, FEMLAB etc.) 
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